This paper is a continuation of our work on hypernear-rings with a defect of distributivity D. In particular, here we introduce and study a new subclass of hypernear-rings, called D-division hypernear-rings, establishing a necessary and sufficient condition such that a hypernearring with the defect D is a D-division hypernear-ring. Several properties and examples of these two subclasses of hypernear-rings are presented and discussed.
and used later on as the additive structures of a new type of ring-like hyperstructures. An overview of the theory of polygroups is covered by Davvaz's book [8] . Concretely, Dašić [7] defined hypernear-rings, as a natural generalisation of near-rings, endowing a quasicanonical hypergroup (R, +) with a multiplication, being distributive with respect to the hyperaddition on the left side, and such that (R, ·) is a semigroup with a bilaterally absorbing element. Based on the similar terminology of near-rings, Gontineac [11] called this hypernear-ring a zero-symmetric one. In the same period, the theory of hyperrings enriched itself with different types of hyperrings, having only one or both between addition and multiplication as hyperoperation (for example: additive hyperring [29] , multiplicative hyperring [27] , superring [22] , hyperring in the general case [4, 29] ), or substituting the distributivity with the weak distributivity [29] (when the equality is replaced by non void intersection between the left and right side), or with the inclusive distributivity [12, 16] (when the equality symbol is substituted by the inclusion one). A detailed discussion of this terminology is included in [13, 14, 24] . Even if the term "inclusive distributivity" is the most appropriate one for defining this property, it was used only in few papers, while " the weak distributivity" was preferred for the same type of distributivity. Here we keep the initial notation, saying that the multiplication is inclusive distributive with respect to the hyperaddition from the left side, if, for any three elements x, y, z, it holds: x · (y + z) ⊆ x · y + x · z. In this paper, as in our previous one [14] , by a hypernear-ring (R, +, ·) we mean a quasicanonical hypergroup (R, +) endowed also with a multiplication, such that (R, ·) is a semigroup with a bilaterally absorbing element, and the multiplication is inclusive distributive with respect to the hyperaddition on the left side. If the distributivity holds, i.e. for any theree elelments x, y, z, we have x · (y + z) = x · y + x · z, then we call the hypernear-ring a strongly distributive hypernear-ring. If the additive structure is a hypergroup and all the other properties related to the multiplication are conserved, we obtain a general hypernear-ring [15] .
The authors have recently started [14] the study of hypernear-rings R with a defect of distributivity D, where D is the normal subhypergroup of the additive structure (R, +) generated by the elements d ∈ −(x·s+y·s)+(x+y)·s, with x, y ∈ R, while s ∈ S, where (S, ·) is a multiplicative subsemigroup of the semigroup (R, ·) whose elements generate (R, +). In the present paper we continue in the same direction, introducing the class of D-division hypernear-rings as a subclass of hypernear-rings with a defect D, and that one of division hypernear-rings. Another aim of the paper is to state a necessary and sufficient condition under which a hypernear-ring with a defect of distributivity D is a D-division hypernear-ring. A similar condition holds for near-rings, known as the Ligh's theorem for near-rings [18] , and it can be also obtained as a consequence of our more general result on hypernear-rings, as we show in the last result of this paper.
Preliminaries
The first part of this section gathers together the main properties of division near-rings, most of them presented in Ligh's papers [18, 19] . The theory of hypernear-rings with a defect of distributivity is briefly recalled in the second part of this section, using the authors' paper [14] .
Division near-rings
Division near-rings were first considered by Dickson [9] . Let (R, +, ·) be a left near-ring, i.e. (R, +) is a group (not necessarily commutative) with the unit element 0, (R, ·) is a semigroup and the left distributivity holds: x · (y + z) = x · y + x · z, for any x, y, z ∈ R. It is clear that x · 0 = 0, for any x ∈ R, while it might exist y ∈ R such that 0 · y = 0. If 0 is a bilaterally absorbing element, that is 0 · x = x · 0 = 0, for any x ∈ R, then R is called a zero-symmetric nearring. In particular, if (R, +, ·) is a left near-ring that contains a multiplicative semigroup S, whose elements generate (R, +) and satisfy (x+y)·s = x·s+y ·s, for all x, y ∈ R and s ∈ S, then we say that R is a distributively generated near-ring (d.g. near-ring). Regarding the classical example of a near-ring, that one represented by the set of the functions from an additive group G into itself with the pointwise addition and the natural composition of functions, if S is the multiplicative semigroup of the endomorphisms of G and R is the subnear-ring generated by S, then R is a d.g. near-ring. Other examples of d.g. near-rings may be found in [10] . A near-ring containing more than one element is called a division near-ring, if the set R \ {0} is a multiplicative group [18] . Several examples of division near-rings are given in [10] . It is well known that every division ring is a division near-ring, while there are division near-rings which are not division rings. The main core of Ligh's paper [18] is to show that three fundamental theorems in ring theory can be generalised to d.g. near-rings, while they do not hold for arbitrary near-rings, and they are recalled here below.
1. If e is a unique left identity of a ring, then it is also a right identity.
2. If R is a ring with more than one element such that a · R = R, for all nonzero element a ∈ R, then R is a division ring.
3. A ring R with identity e = 0 is a division ring if and only if it has no proper right ideals.
Theorem 2.2.
[18] A necessary and sufficient condition for a d.g. near-ring with more than one element to be division ring is that for all non-zero elements a ∈ R, it holds a · R = R.
Based on these two results, we can slightly ease the above condition.
Lemma 2.3. If R is a d.g. near-ring with more than one element, then a · R = R, for all a ∈ R \ {0}, if and only if a · (R \ {0}) = R \ {0}, for all a ∈ R \ {0}.
Proof. Obviously, a · (R \ {0}) = R \ {0}, for all a ∈ R \ {0} implies that a · R = R, for all a ∈ R \ {0}. Suppose now that we have a · R = R, for all a ∈ R \ {0}. First we prove that a ∈ a · (R \ {0}) ⊆ R \ {0}, for a = 0. If there exist a = 0, b = 0 such that a · b = 0, then since a · R = R and b · R = R it follows that there exist x, y ∈ R such that a = a · x and x = b · y. Therefore, by Lemma 2.1,
Another example of division ring is given by the following result.
Lemma 2.4. Every d.g. division near-ring R is a division ring.
Proof. By Theorem 2.2 [18] , the additive group (R, +) of a division near-ring is abelian. From the proof of Theorem 3.4 [18] we know that every element of R is right distributive, i.e. (x + y) · z = x · z + y · z, for all x, y, z ∈ R. Thereby, if R is d.g. near-ring, then R is a division near-ring if and only if R is a division ring.
Hypernear-rings with a defect of distributivity
Keeping the terminology from our previous paper [14] , by a hypernear-ring we mean an algebraic system (R, +, ·), where R is a non-empty set endowed with a hyperoperation "+" : R×R −→ P * (R), and an operation "·" : R×R −→ R, satisfying the following axioms:
I) (R, +) is a quasicanonical hypergroup, i.e. it satisfies the following axioms:
ii) there exists 0 ∈ R such that, for any x ∈ R, x + 0 = 0 + x = {x};
iii) for any x ∈ R, there exists a unique element −x ∈ R, such that 0
iv) for any x, y, z ∈ R, z ∈ x+y implies that x ∈ z+(−y), y ∈ (−x)+z.
II) (R, ·) is a semigroup endowed with a two-sided absorbing element 0, i.e. for any x ∈ R, x · 0 = 0 · x = 0.
III) The operation " · " is inclusive distributive with respect to the hyperoperation "+" from the left side: for any x, y, z ∈ R, x·(y +z) ⊆ x·y +x·z.
If in axiom III) the equality holds, then we get a strongly distributive hypernearring, called simply by Dašić' [5] a hypernear-ring and by Gontineac [11] a zero-symmetric hypernear-ring.
Lemma 2.5. Let (R, +, ·) be a hypernear-ring. For any x, y ∈ R, the following identities are fullfilled:
Definition 2.6. [11, 20] Let (R, +, ·) be a hypernear-ring.
i) A subhypergroup A of the hypergroup (R, +) is called a normal subhypergroup if, for all x ∈ R, it holds:
iv) If A is a left and a right hyperideal of R, i.e. if [(x+A)·y−x·y]∪z·A ⊆ A, for all x, y, z ∈ R, then we say that A is a hyperideal of R.
ii) It can be easily verified that the condition (x + A) · y − x · y ⊆ A in the previous definition is equivalent to the condition −(x·y)+(x+A)·y ⊆ A, for any x, y ∈ R.
Definition 2.8. [14] Let (R, +, ·) be a hypernear-ring. If (S, ·) is a multiplicative subsemigroup of the semigroup (R, ·) such that the elements of S generate (R, +), i.e. for every r ∈ R there exists a finite sum n i=1 ±s i , where s i ∈ S, for any i ∈ {1, 2, . . . , n}, such that r ∈ n i=1 ±s i , then we say that S is a set of generators of the hypernear-ring R.
The hypernear-ring R with the set of generators S will be denoted by (R, S). Now we present another example of hypernear-ring, that later on in this paper we will refer to. Proposition 2.10. Let (H, +) be a quasicanonical hypergroup and T 0 (H) = {f : H −→ H | f (0) = 0}. Define on T 0 (H) the hyperaddition ⊕ T and the multiplication T as follows:
The structure (T 0 (H), ⊕ T , T ) is a hypernear-ring.
Proof. Let f, g ∈ T 0 (H). We prove that there exists h ∈ T 0 (H) such that
Besides, for all f, g, h ∈ T 0 (H), f ∈ g+h implies that, for all x ∈ H, it holds f (x) ∈ g(x)+h(x) and thereby g(x) ∈ f (x) + (−h(x)), i.e. g ∈ f + (−h). Similarly, one gets h ∈ (−f )+g. From all above mentioned properties, it follows that (T 0 (H), ⊕ T ) is a quasicanonical hypergroup. It is clear that (T 0 (H), T ) is a semigroup, having δ as a bilaterally absorbing element, since
It remains to prove that the multiplication T is inclusive distributive with respect to the hyperaddition
, since the inverse element is unique in H. Now, for all x ∈ H, we have
Definition 2.12. [14] Let (R, +, ·) be a hypernear-ring with the set of generators S and set
The normal subhypergroup D of the hypergroup (R, +) generated by D S is called the defect of distributivity of the hypernear-ring (R, S). Moreover, we say that (R, S) is a hypernear-ring with the defect D.
Example 2.13. Let us continue with the hypernear-ring in Example 2.9. In [14] we have found that its defect of distributivity is D = {0, 3, 6}.
Lemma 2.14.
[14] Let (R, S) be a hypernear-ring with the defect D. For all x, y ∈ R and s ∈ S, it holds:
Lemma 2.15. [14]
If (R, S) is a hypernear-ring with the defect D, then:
for all x, y ∈ R and each s ∈ S.
We conclude this section with some properties of the defect of the distributivity of a hypernear-ring.
Corollary 2.16. [14]
Definition 2.17. [14] If (R, S) is a hypernear-ring with the defect D = {0}, then we say that (R, S) is a distributively generated hypernear-ring (by short, d.g. hypernear-ring).
Example 2.18. If (H, +) is a quasicanonical hypergroup such that x+(−x) = (−x) + x = {0}, for all x ∈ H, then the hypernear-ring E(H) in Proposition 2.11 is distributively generated by End(H).
First, we note that End 0 (H) = End(H) = {f :
The hypernear-ring E(H) is generated by S = End(H) and the defect of distributivity of E(H) is D = {0}. Indeed, Example 2.21. Let (R, S) be a hypernear-ring with the defect D. Since D is a hyperideal of R, it follows immediately that the factor hypernear-rinḡ R = R/D, having the set of generatorsS = {s + D | s ∈ S}, is distributively generated.
D-division hypernear-rings
In this section, after defining the notion of D-division hypernear-ring, we investigate when a hypernear-ring with the defect D is a D-division hypernear-ring. 2. There exists e ∈ R \ D such that, for each x ∈ R \ D it holds x · e ∈ x + D and e · x ∈ x + D. A such element e is called the identity element.
For each
Definition 3.2. Let (R, S) be a hypernear-ring with the defect of distributivity D. We say that R is a D-division hypernear-ring (a hypernear-ring of
Definition 3.3. Let (R, S) be a hypernear-ring with the defect of distributivity D. We say that (R, S) is a hypernear-ring without
Example 3.4. The hypernear-ring in Example 2.9 is without D-divisors.
Proposition 3.5. Let (R, S) be a hypernear-ring with the defect of distribu-
Therefore, x ∈ x·(y ·y +d 2 )+d 1 ⊆ x·y ·y +x·d 2 +d 1 . Since D is a hyperideal of R, for all r, r ∈ R, it holds: (r + D) · r − r · r ⊆ D. In particular, for r = 0 we obtain (0
e. x ∈ D, which contradicts the initial assumption. We conclude that R is a hypernear-ring without D-divisors.
Corollary 3.6. If (R, S) is a hypernear-ring with the defect of distributivity
Theorem 3.7. Let (R, S) be a hypernear-ring with the defect D = R. A necessary and sufficient condition for the hypernear-ring R to be a D-division hypernear-ring is that a
Proof. Necessity. Let R \ D be a D-multiplicative group with the identity element e.
By Corollary 3.6, it follows that the set R \ D is closed under the multiplication. Note that there exists s ∈ R \ D such that s ∈ S. To the contrary, if S ⊆ D, then R = S ⊆ D, meaning that R = D, which contradicts our assumption. If
Since s ∈ D, we have
Thereby e is the identity element. Suppose now that a ∈ R \D. Since e ∈ R \D ⊆ R \D +D = a·(R \D)+D,
it follows that a · a − e ⊆ D, meaning that a · a ∈ D + e = e + D. Hence, we have shown that R \ D is a multiplicative group, implying that (R, S) is a D-division hypernear-ring.
Example 3.8. Considering the hypernear-ring R in Example 2.9 and following [14] , we know that (R, +, ·) is a hypernear-ring with the set of generators S = {0, 2, 3} and the defect of distributivity D = {0, 3, 6}. It can be easily verified that (R \ D, ·) is a D-multiplicative group. Indeed, R \ D = {1, 2, 4, 5} is closed under the multiplication. Moreover, e = 2 is the identity element. Finally, one gets, for any a ∈ R \ D, that a · a ∈ 2 + D = {2, 5}, meaning that the inverse of each element a ∈ R \ D is a itself. So (R, S) is a D-division hypernear-ring.
Example 3.9. Let G = (Z 4 , +) the additive group of the integers modulo 4 and set R = P G = G ∪ {4}. Define on R the hyperaddition " + " as in Example 2.5. [14] (this is the general method to construct a quasicanonical hypergroup [8] ), i.e. it has the following table +  0  1  2  3  4  0  0  1  2  3  4  1  1  2  3  {0, 4}  1  2  2  3  {0, 4}  1  2  3  3  {0, 4}  1  2  3  4  4  1 Obviously,R \ {0} = {1,2} is a group, therebyR is a division (hyper)nearring (the addition is a commutative operation), so it is a division ring. If we takeS = {2}, thenS is a subsemigroup of (R, ·) and DS = {0}, since −(x·2+ȳ·2)+(x+ȳ)·2 = −(2·x+2·ȳ)+2·(x+ȳ) = −(2·ȳ)−(2·x)+2·x+2·ȳ = {0}, meaning that the defect of distributivity of (R,S) isD = {0}. Theorem 3.13. Let (R, S) be a non-zero d.g. hypernear-ring. A necessary and sufficient condition for the hypernear-ring R to be a division hypernearring is that a · (R \ {0}) = R \ {0}, for all a ∈ R \ {0}.
Proof. It follows from Theorem 3.7, since D = {0}.
If R is a d.g. near-ring, then by Lemma 2.1, R is a zero symmetric nearring, that is a special case of d.g. hypernear-rings. Thus, from Theorem 3.13 it follows the next result. Corollary 3.14. A necessary and sufficient condition for a d.g. near-ring R with more than one element to be a division near-ring is that a · (R \ {0}) = R \ {0}, for all a ∈ R \ {0}.
Based on Corollary 3.14, Lemma 2.3 and Lemma 2.4, one gets the Ligh's result, i.e. Theorem 2.2 in this note.
Conclusions
Naturally extended the properties of near-rings related to distributivity to the similar algebraic hyperstructures, i.e. hypernear-rings, we notice that they hold under the same conditions, and more over they can be obtained as generalisations of those for structures. In particular, in this note we have shown that each hypernear-ring with the defect of distributivity D, satisfying a certain property (see Theorem 3.7) is a D-division hypernear-ring, and viceversa. Another important property of division near-rings says that the additive part of a division near-ring is commutative [25] . This is one open problem in hypernear-rings theory, that we intend to investigate in our future research, and also to extend it to the case of general hypernear-rings [15] .
